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Abstract 
A procedure for the computation of eigenfrequencies for structures made of metal foam is proposed. The 
heterogeneity of the foam geometry has an influence on these macroscopic properties and has to be taken into 
account. This is done by fitting a model of the microstructure based on Laguerre tessellations by means of 
statistical information obtained from CT image analysis. As the length scale of the representative volume element 
is nearly of the same order as the length scale of the structures under consideration, classical homogenization 
techniques for the computation of effective properties can not be applied. A stochastic homogenization method 
that necessitates the computation of empirical marginal distributions and correlation functions for apparent 
properties defined on the mesoscale is proposed. This information allows to define random fields for elastic 
properties and the density on the structure level. Statistical properties of the eigenfrequencies can then be 
inferred. 
© 2012 The Authors. Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Karlsruhe Institute of 
Technology (KIT), Institute of the Engineering Mechanics 
Keywords: stochastic geometry; digital image based analysis; stochastic homogenization; non Gaussian random fields 
1. Introduction 
Computation of the vibration behavior of structures made of metal foam necessitates the determination of the 
elastic properties. This requires a description of the microstructure geometry. A direct determination of the elastic 
properties with the help of computed tomography (CT) - recordings is not only very expensive, it provides no 
way to get a deeper understanding of the influence of microstructure geometry on the macroscopic properties e.g. 
by varying parameters and sensitivity studies. 
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Therefore, the combination of micro-structure models with finite element simulations is now a well established 
approach for studying the relationship between the microstructure geometry and macroscopic properties of a 
material. Tessellations, i.e. decompositions of space into convex polytopes are an appropriate class of models for 
the cell system of foams. Furthermore, the influence of inhomogeneities, such as broken cell edges, missing 
nodes, missing cells or partially closed cell walls, have been studied using three-dimensional Voronoi 
tessellations [1]. Already a small percentage of destroyed nodes and edges has a greater influence on the linear 
elastic properties, than the pre-deformation of the struts and the existence of individual closed cells. 
Since the basic deformation mechanism is bending dominated, the mechanical model of metal foam is a three 
dimensional network of connected Timoshenko type beams with the material properties of the solid structure [2]. 
Due to the heterogeneity of metal foams, the representative volume element is very large. In [3] for example, the 
representative volume element is estimated to consist of about 1000 cells. In particular, for structures such as 
beams or plates, use of effective material properties is not always possible because there is no scale separation. In 
this case, it is still possible to compute apparent material properties [4] and to provide a macroscopic description 
by random fields [5]. 
If realizations of the material parameters and estimates for the autocorrelation functions are obtained, random 
fields describing the material parameters can be identified. For this purpose, three approaches have been 
developed in recent years: 
x The transformation method [6] [7], in which the random field is represented as a nonlinear transformation of a 
Gaussian random field, has a wide distribution. The disadvantage is that a parametric model of the random 
field is required and that the autocorrelation function is only approximated. 
x Expansions on function bases (so-called chaos expansions), along with related maximum pseudolikelihood 
estimates of the expansion coefficients [8] or - if there are only few data sets - Bayesian inference [9] yield a 
non-parametric approach for modeling the random field. It depends on the distribution of the random variables 
on which the chaos expansion is based. The computational complexity increases rapidly for multidimensional 
random fields with the number of expansion functions. 
x The identification of nonparametric models was investigated in [10] by means of the maximum entropy 
principle using bounds as constraints. The determination of the bounds is rather difficult, as with respect to the 
Loewner-order of a set of realizations of the apparent stiffness tensors the supremum and infimum does not 
always exist. The model can not be integrated into the stochastic finite element method (SFEM) [11] and 
therefore allows for Monte Carlo simulations only. 
Here, a transformation method is applied that is based on a truncated Karhunen-Loève expansion (KLE) and the 
empirical marginal distribution and thus avoids the calibration of a parametric model and the approximation of 
the correlation function.  
The proposed procedure, sketched in Figure 1, provides a link between statistical data for microstructure 
geometry of a heterogeneous material and scatter of macroscopic properties for situations where scale separation 
and thus homogenization is not possible. It applies to more general heterogeneous materials and macroscopic 
properties than studied in this paper. This paper is organized as follows: the next section discusses the 
microstructure model, section 3 and 4 treat the generation and analysis of mesoscale volume elements, while 
section 5 introduces the random field model. In section 6, predictions are compared with experiments for an open 
cell copper foam and in section 7, conclusions are drawn. 
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Fig. 1. Overview of the proposed computational procedure. 
 
2. Microstructure 
2.1. CT Analysis 
Ten cubes of 25 mm side length were imaged by CT with a voxel edge length of 38.15 μm. A visualization of 
one of these images is shown in Figure 2. In a first step, the obtained images of the cell wall system were 
converted to binary (i.e. black-and-white) images by applying a global threshold. To these images, the Euclidean 
distance transform was applied, which assigns to each cell pixel its distance to the nearest strut. Ideally, this leads 
to local maxima at the cell center points. In praxis, a cell can contain several local maxima due to discretization 
effects and irregular cell shapes. These were removed using an adaptable h-maxima transform. Finally, the 
watershed algorithm was applied to the inverted distance image to separate the single cells. For details on the 
image processing algorithms and the cell reconstruction procedure, the reader is referred to [12]. All image 
processing steps were performed using the MAVI software package [13]. 
From the reconstructed images, the geometric quantities summarized in Table 1 were estimated using a minus-
sampling edge correction [12]. The volume fraction of copper was on average 12.6% and the mean number of 
cells per 1000 mm3 was 20.15. The mean cell diameters in the coordinate directions showed an anisotropy in the 
cell structure. Nevertheless, a simplified model assuming isotropy of the microstructure was applied. 
Table 1. Cell properties obtained from CT analysis 
Property Mean Standard deviation 
Diameter 5.09 mm 0.30 mm 
Surface Area 80.19 mm2 9.58 mm2 
Volume 49.64 mm3 9.12 mm3 
Facets 13.90 1.48 
 
2.2. Microstructure Generation 
Solid foams show a high variability in cell sizes and shapes, which is of influence on the elastic properties 
[14]. However, this variability can not be represented by deterministic models. Random tessellations [15] of the 
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stochastic geometry proved to be a suitable model class in this regard. One example are randomly perturbed 
variants of deterministic models, for example generated by randomly moving individual nodes. Thereby, 
arbitrary assumptions regarding the distribution of the nodal displacements have to be made. It has been shown 
that such models do not have the versatility to reflect the diversity of the cellular structures observed in real 
foams [16]. 
Well-known models of random tessellations are Voronoi tessellations generated from realizations of random 
point processes. In particular, Voronoi tessellations produced by hard-core point processes are popular models for 
the microstructure of foams due to their relatively regular cell shape. However, the variability, particularly the 
adaptability to real cell size distributions, is also limited for this class of models. A promising generalization of 
the Voronoi model are Laguerre-or power-tessellations [17]. A method for adapting such a model to a real foam 
structure based on the statistical analysis of CT images is presented in [18]. The superiority of Laguerre 
tessellations over Poisson- and hardcore Voronoi tessellations has been shown in [19] and [18]. Laguerre 
tessellations were used to determine the elastic properties of a representative volume element of metal foam in 
[20] and [21]. 
Based on the data shown in Table 1, a Laguerre tessellation was fit to the foam structure. This model is 
defined as follows [17]: given a set S of spheres, the Laguerre cell C(s(x,r),S) of a sphere s(x,r) (x: center point, r: 
radius) belonging to this set is defined as 
 
  (1) 
where ۅ ۅ denotes the Euclidean norm. The Laguerre tessellation is the set of all non-empty Laguerre cells of 
spheres in S. It forms a space-filling system of convex polytopes. As special case the Voronoi tessellation is 
obtained, if all spheres have equal radii. In comparison to the Voronoi tessellation, the Laguerre tessellation 
allows to generate a wider range of cell patterns as cell facets are not forced to be equidistant to the cell 
generators. 
When working with a Laguerre tessellation model, the first step is to simulate a set S of spheres serving as 
generators of the cells in the volume of interest. Given the information on the mean number of cells per unit 
volume, the center points can be generated for instance by a Poisson process, random sequential absorption or the 
force-biased algorithm (see [22] for an overview of these models). In the current application, a dense packing 
obtained by the force-biased algorithm was chosen to reproduce the regularity of the observed cell shapes. The 
lognormal distribution provided a good fit to the cell volume distribution of the foam. Therefore, it was also 
chosen for the volume distribution of the generating spheres. Its probability density function is given by 
 
 
 
  (2) 
 
with parameters mę and ı>0. 
Estimates for the model parameters are obtained using the procedure introduced in [23]. Denote with ci, 
i=1,...,8, the eight quantities of Table 1 and with cˆi(p1,p2), i=1,...,8, estimates of these quantities obtained from 
Laguerre tessellations with parameters p1 and p2 for the sphere volume distribution. The optimal parameters are 
those, for which the relative distance 
 
  (3) 
 
is minimized. In the application, the optimal parameters for the volume distribution were found to be 
m=1.0508 and ı=0.2849. Visualizations of one of the CT images and of the fitted model are shown in Figure 2. 
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Fig. 2. Visualizations of the Cu Duocel foam (left) and the model (right). Visualized are 5003 voxels. 
The above mentioned models describe only the cell system of the foam. In a second modeling step, the foam 
model is generated from the edges or facets of the cells by morphological operations [24], which then provides a 
model for an open cell or closed cell foam. When modeling the cross-section of the struts of open-cell foams the 
thickness is usually kept constant over the strut length. In [20, 25], locally variable strut thickness distributions 
are considered, wherein the strut thickness is described as a polynomial of the distance from the strut center. In 
[26, 27], the elastic properties for a foam with various, especially triangular strut cross sections are determined. It 
is shown that both the strut cross-section and the thickness distribution have a large influence on the elastic 
properties. However, in these studies the cell system is given by deterministic Kelvin cells. The influence of the 
pre-deformation of the struts on the elastic properties is considered in [28, 29], also on the basis of Kelvin cells. 
The cross section shape of the beam ligaments has been intensively discussed in [26]. On the basis of the results 
presented in [26], a correction factor of 1.039 for the second moment of area with respect to a circular cross 
section has been introduced. 
 
3. Determination of linear elastic properties 
In order to calculate the linear elastic properties of metal foam, mesoscopic volume elements were created 
with the microstructure generator and loaded by boundary conditions yielding an upper (kinematic uniform 
boundary conditions, KUBC) and a lower bound (static uniform boundary conditions, SUBC) for the compliance 
tensor [30]. This procedure is often used in the literature but mainly for the prediction of the volume size of a 
statistically representative volume element (RVE) used in homogenization schemes, e.g. [31]. The element size, 
for which these two bounds converge against the same value, defines the size of the RVE. Therefore, the 
mechanical properties of the RVE are theoretically deterministic - in the sense of being accurate enough to 
represent the mean constitutive response [32]. 
Homogenization techniques are based on the condition that the scale of the microstructure and the scale of the 
observed mechanical components can be separated due to a large difference in their characteristic lengths. 
Unfortunately, the characteristic length scale of metal foam is in many applications not much smaller than the 
characteristic length scale of the structure to be investigated. For these reasons, homogenization schemes cannot 
be applied. One has to use stochastic volume elements (SVE) instead. In this case the above mentioned method of 
loading different boundary conditions can still be adopted yielding so-called apparent properties [4], which, when 
ensemble averaged, are bounds for the effective material properties of interest. But now, a number of realizations 
have to be calculated to determine their mean value μ and their second order moments. For the stiffness tensor C 
and the compliance tensor S, the following condition holds: 
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  (4) 
 
where the upper and lower bounds are bounded by the classical Voigt and Reuss bounds. For a larger SVE the 
bounds become closer and their scatter smaller [31]. Here, the aim is not to compute effective properties, but to 
model the scatter in the stiffness tensor and to predict its consequences on the eigenfrequencies. 
To predict the elastic material constants, each SVE was loaded by different load cases of the boundary 
conditions mentioned above and solved with the help of the finite element method. Afterwards the apparent 
material parameters are calculated from the results. 100 SVEs were generated and the mean values and standard 
deviations of these realizations were computed. 
Additionally, the symmetry of the compliance tensor S can be investigated. It turns out that the symmetry 
properties depend on the size of the SVE: for a small size, cubic symmetry with three independent linear elastic 
material parameters is obtained, while for a larger SVE size, isotropic behavior can be assumed. 
 
4. Statistical Evaluation 
4.1. Determination of the Distribution Function 
The basis for the calculation are about 100 SVEs with a side length of 25 mm. Applying KUBC and SUBC, 
histograms were obtained for bounds of the effective compliance tensor. For each of the SVEs, the mean value of 
the upper and lower bound is collected from which the empirical distribution is computed.  
4.2. Determination of the Correlation Functions 
As the linear-elastic material parameters and the mass density will serve for eigenfrequency computations of 
beams, they are represented by stochastic processes. The stochastic processes are assumed to be stationary due to 
the homogeneity of the generated microstructure geometry. In order to find the correlation functions for the 
linear-elastic material parameters, 15 beam structures (100 mm x 10 mm x 10 mm) made of foam are analyzed by 
a method of moving cubes: Cubes of the same size are cut out of each of these beams at different positions along 
the longitudinal axis. For each cube the material parameters are calculated so that they were determined as 
functions of the position x on the longitudinal axis. 
For the computation of autocorrelation data, the 15 received fields for example for the Young’s modulus E(x) 
are normalized by 
 
  (5) 
 
where μE and ıE are the mean value and the standard deviation of the Young’s modulus, respectively. Then, 
for each field the autocorrelation data 
 
  (6) 
 
is calculated as a function of the distance ¨=x2íx1 and the mean value over all 15 fields is taken at each 
distance ¨. The results for the material parameters are shown in Figure 3.  
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Fig. 3. Estimated autocorrelation function. 
From Figure 3, it can be seen that for mass density, Young’s modulus and bulk modulus the autocorrelation 
function reveals a similar behavior. In contrast, the autocorrelation function of the shear modulus drops down 
sharply. 
To describe the autocorrelation with an analytical function reproducing also the first undershoot of the data, an 
exponential function multiplied by sine- and cosine-functions is often suggested: 
 
  (7) 
 
In order to determine the parameters c, u, v, and w, different conditions coming from the normalization have to 
be fulfilled: 
 
(I) The autocorrelation function must be equal to 1 at distance 0 (CE (x=0)=1). This condition yields u=1. 
(II) The autocorrelation function should be mean free, i.e. the following integral should be equal to zero: 
 
  (8) 
 
Thus c
w
v u  .With these conditions the suggested autocorrelation function is: 
 
  (9) 
 
Carrying out a least-square fit of this function to the given autocorrelation data, it turns out that wė0 and the 
autocorrelation function degenerates. Therefore a new class of autocorrelation functions is proposed. Introducing 
the series representation of the trigonometric functions and cutting the series after the first N terms yields the 
expression 
 
  (10) 
 
for the autocorrelation function, which fulfills condition (II) for each n separately. Condition (I) is fulfilled if 
a0=1. Thus the suggested functions have one parameter c for the decay of the function and Ní1 parameters an 
expressing the oscillations. N=0 yields the one-parametric function 
 
  (11) 
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with c=0.164 estimated from a fit for the data of Young’s modulus. In the same manner, the crosscorrelations 
of Young’s modulus E, shear modulus G, bulk modulus K and mass density ȡ are determined, for example by 
 
  (12) 
 
It turns out that mass density, Young’s modulus and bulk modulus are strongly correlated, while the shear 
modulus is uncorrelated to the latter ones. 
 
5. Random field representation 
The non-Gaussian random field is represented by a truncated KLE: 
 
  (13) 
 
where  if x  are deterministic eigenfunctions that are obtained by solving a homogeneous Fredholm integral 
equation of the 2nd kind: 
  (14) 
 
for the previously determined covariance function  C x . For the representation of the covariance function 
adopted here, an analytical solution of equation (14) is still possible, cf. [33].  i[ T  are uncorrelated random 
variables with zero mean and unit variance that are obtained iteratively by adapting the empirical marginal 
distribution to the previously determined one. The truncated KLE has the advantage that the random variables 
enter linearly in the expression for the random fields. Samples of  i[ T  are generated by a procedure described 
in [34]. It consists of the following steps: 
x Given samples   , 1, 2, , ,k
i m m ... n[ T   for  i[ T , generate samples of the non-Gaussian random field (13). 
x Estimate the empirical marginal distribution function  ;kFˆ y x  of the random field. 
x Transform each sample of the random field by      1 ;k km mˆx, F F x, xK T D T .  k mx,K T  matches the 
target marginal distribution F. 
x Generate new samples 1ki[
  for  i[ T  from 
 
  (15) 
 
x Standardize 1ki[
  to unit variance and reorthogonalize the samples by product-moment based shuffling of the 
sampling. 
6. Comparison with experiments 
In this section, the eigenfrequencies of beams made of Cu Duocel® are predicted and compared with 
experimental values. Therefore, 25 beams of size 25 mm h 25 mm h 250 mm were investigated experimentally 
in two ways. The density and then, experimental modal analysis was performed. 
Since there exist no values for the linear elastic properties of Cu Duocel® in the literature, they were 
calculated with the proposed mesoscopic model. The input parameter to this model were 
x the material data of copper, 
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x the geometric characteristics estimated from the CT data of 10 Cu Duocel® cubes of length 25 mm, 
x the cross section shape of the beam network. 
The result of the mesoscopic modeling is given in Table 2. 
Table 2. Material parameters for Cu Duocel® 
Property Mean COV 
Young's modulus 740 MPa 5.7% 
Shear modulus 272 MPa 21.5% 
Mass density 1047 kg/m3 5% 
 
Finally, Table 3 compares the first two bending eigenfrequencies obtained from Monte-Carlo-simulation and 
experiments. While there is good agreement on the coefficient of variation, there is a larger deviation of the mean 
values. This could be related to experimental conditions or to the simplified microstructure geometry of the 
model (e.g., ignoring the anisotropy). As can be seen in Figure 2, the model has a more homogeneous structure 
than the real foam which shows large variations in the strut thickness. 
Table 3. Comparison of bending eigenfrequencies for beams (250 mm x25 mm x 25 mm)  made of Cu Duocel® 
Bending mode Simulation Experiments 
First 333 Hz (2.6% COV) 322 Hz (1.5% COV) 
Second 864 Hz (3.7% COV) 839 Hz (6.2% COV) 
 
7. Conclusions 
In this paper, a model is introduced to predict the scatter of macroscopic properties for metal foam structures 
in dependence on the heterogeneous network of struts. Starting from CT data, statistical characteristics of the 
foam geometry are estimated. Empirical distributions of the linear elastic material properties and the mass density 
as well as autocorrelation and crosscorrelation data are obtained. The latter are fitted to analytical expressions. 
Non-Gaussian random field samples for the material properties are generated by a procedure described in [34]. 
They are used in Monte-Carlo simulations of vibration problems for beams. The eigenfrequencies of the Monte-
Carlo simulations are compared to experimental modal analysis results. The observed deviations between 
experimental and simulated values could be explained by the simplifications used in the model. They could be 
reduced by the use of a refined model taking the anisotropy as well as the inhomogeneities of the real foam 
structure into account. 
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